In this paper, which is the second one in a series of two papers, we shall present two more solutions, non-minimal ones, for the Z 3 parafermionic chiral algebra with ∆ ψ = ∆ ψ + = 8/3, ψ(z), ψ + (z) being the principal parafermionic fields.
1 Introduction of the chiral algebra.
Our methods of searching for associative chiral algebras, of parafermionic type, have been presented in much detail in the previous paper [1] . For this reason the presentation in the present paper will be much less detailed.
The parafermionic algebras, which we are going to describe in this paper, are closed by the following (chiral) fields: for other operators in the r.h.s. of (1.3)-(1.20). We are using the same notations as in [1] .
In order to give examples, the compact forms of the OPEs in (1.3)-(1.6) should be viewed, explicitly, as follows :
ψψ,ψ + · ∂ψ + (z)
ψψ,ψ + · ∂ 2 ψ + (z) + λβ (2) ψψ,ψ + · L −2 ψ + (z) + ζψ + (z)) + ...} (1.21)
ψψ + ,I · ∂ 2 T (z) + β
ψψ + ,I · ∧(z) + αβ (1) ψψ + ,U · ∂U(z) + γ · B(z))
ψψ + ,I · ∂ 3 T (z) + β ψψ,ψ + · ∂ψ + (z)
ψψ,ψ + ∂ 2 ψ + (z) + ζβ (2) ψψ,ψ + L −2 ψ + (z) + ηψ + (z)) + ...} (1.23)
· ∂U(z) + µB(z))
∂B(z) + νW (z)) + ...} (1.24)
As has been explained in [1] , for the algebra with the conformal dimensions of the principal parafermionic fields ∆ ψ = 8/3, we have to make explicit the expansions in the Alternatively, the operator algebra constants in (1.3)-(1.20) can be defined by the 3-point functions as follows :
< ψψψ >= λ, < ψψψ >= ζ, < ψψψ >= η, <ψψψ >=λ, < ψψ + U >= α, < ψψ + B >= γ, < ψψ + W >= δ, < ψ +ψ U >= κ, < ψ +ψ B >= µ, < ψ +ψ W >= ν, <ψψ + U >=α, <ψψ + B >=γ, <ψψ + W >=δ, < BUU >= a, < BBB >= b, < W W B >= d, < W BU >= e (1.25)
Here < ψψψ >=< ψ(∞)ψ(1)ψ(0) >, etc. .
We observe that the bosonic operators U and W , with the odd conformal dimensions, have to be odd with respect to the Z 3 conjugation :
while B, with dimension 4, have to be even :
This follows from the OPE (1.22) : if we continue analytically ψ This implies also that the signs will change, e.g. in (1.22), of the terms ∼ α, δ, if we develop the product ψ
Similarly, the signs of terms ∼ κ, ν in (1.24) will change under the Z 3 conjugation, giving the decomposition of the product ψ(z
The odd nature of U and W implies also that < UUU >= 0, < W W W >= 0, < BBU >= 0, and so on, thus reducing considerably the number of purely bosonic constants.
As has already been stated in [1] , for the chiral algebra (1.3)-(1.20), of the chiral fields in (1.1), we have found two different solutions of the associativity constraints :
two different sets of values for the constants (1.25), with the central charge staying unconstrained, remain a free parameter. These solutions will be presented in the next Section, together with some indications to the methods that we have used for their derivations.
2 Determination of the operator algebra constants.
The method, which uses the analysis of triple products, has been described in detail in [1] . Like in [1] we start with the "light" triple products and we proceed to the "heavier"
ones, heavier in terms of the values of dimensions of the fields in the product. Saying it differently, we start with the principal fields, ψ, ψ + (which generate the whole algebra)
and proceed by including the secondary fields,ψ,ψ + , U, B, W . Eventually, the products which includes too many of secondary fields (become too heavy), they become irrelevant, in the sense that they do not produce equations on operator algebra constants. So that there is a limited number of triple products which have to analyzed.
We proceed like in [1] and we get the triple products, that follow, which produce equations en the constants (1.25).
3 equations,
Above, in (2.1), we indicate the channel that we have looked at, in the expansion of the triple product, and the corresponding to that channel 4-point function.
The resulting equations are listed in the Appendix A and in the Appendix B we give an example of their derivation.
In (2.2-(2.4) we give our numeration of the equations (of the Appendix A); we also indicate the constants which enter the corresponding equations. This will allow us to describe the procedure which we have followed to determine all the constants. For that purpose, we also underline particular constants in (2.2)-(2.4). Those are the constants which will be determined by the corresponding equation. We shall make it more precise further down. 
ψψψ
1 equation is produced, corresponding to the projection ψψ + W → ∂B; this equation is identical to the eq.5.4 above. Still there remain the following triple products which are relevant: This product will be analyzed later, after the calculation of the constants. We shall examine it, in some detail, in the Appendix B, as an example for deriving equations.
By the corresponding 4-point functions, the equations produced by this product should be equivalent to certain equations produced by the products 4 and 7.
15. UUU → U, W ; < UUUU >, < W UUU > (2.48)
The equations produced by this product are verified in a trivial way, for all values of the constants a and e which appear for this product. The corresponding 4 point correlation functions must be too simple in this case.
Equivalent, by their 4-point functions, to the products 4 and 7 (to their particular equations).
The same as for the product 16 above.
18. UUB → B; < BUUB > (2.51) 
The products 19, 20 do not produce equations. Products 18, 19, 20 are at the edge between the products of type 1, which produce equations, and those of type 2 which do not produce equations on the constants ("being too heavy"), but for which all the matrix elements, needed to calculate the corresponding 4-point functions, get determined by the commutation relations, cf. [1] .
It happens that the product 18 is on one side of the edge and the products 19, 20 find themselves on the other side.
To determine the values of the constants we have proceeded as follows.
First we have defined λ from (2.2), as a function of α and ζ, λ(α, ζ). We have substituted it into (2.3) and we have defined γ, as a function of α and ζ, γ(α, ζ). Next, putting λ(α, ζ) and γ(α, ζ) into (2.4) we have defined δ(α, ζ).
Proceeding in a similar way, we have defined κ(α, ζ), µ(α, ζ), ν(α, ζ) from the equations (2.10)-(2.12). We remind that all these equations are available in the Appendix A.
Further down, from (2.6) we have determined η(α, ζ). With this value of η, and the values of the other constants, eq,(2.7) gets satisfied, while eq.(2.8) allows to definẽ λ(α, ζ).
Next, (2.15) defines a(α, ζ), (2.14) then defines e(α, ζ), and equations ( In this way we have determined 15 constants, out of a total 17, as functions of α and ζ. It remains then to define α and ζ, as functions of c, the central charge. There are many ways to do it. In the set of equations that we have obtained (listed above and in the Appendix A) there are still many that we haven't used. Finally, we did the calculations as follows.
We have substituted γ(α, ζ), κ(α, ζ), a(α, ζ) into the equation ( One gets actually four values of α which are solutions of the last equation.
As has been said above, there many ways to proceed with the above calculation. This is because the number of equations is bigger than the number of constants.
The final results have to be the same, if the solution exist, but the intermediate expressions might be very different in their complexity. For example, the equation (2.16) has been chosen, after many attempts, because it gave the simplest expression of ζ(α).
Similarly for the choice of the equation (2.18), to define α.
The intermediate expressions are rather long, at least some of them, when the constants are defined first as functions of α, ζ. It is not reasonable to provide all of them.
The final expressions are much simpler. For this reason we shall give just one intermediate formula, that for ζ(α), solution of the equation (2.16). To reproduce all the preceding formulas, for constants as functions of α, ζ, is straightforward in fact, having the equations and the indications that we have given above.
We observe also that all our calculations have been done with Mathematica.
We have obtained the following formula for ζ(α) :
After that, we have found the following four allowed values of α :
Substituting back, one after another, the four values of α in (2.56)-(2.59) into the expression (2.55) we get four allowed values of ζ. Putting them back into the expressions of 15 other constants we should obtain four different solutions for the chiral algebra.
In fact, the solution with α 2 , in (2.57), is pathological. For this value of α, the constant ζ is zero, and λ is also zero, which doesn't make it look like a parafermionique algebra. While some other constants are infinite. So it has to be discarded.
The solution with α 4 is obtained from the solution with α 3 by the analytic continuation in c. We shall explain this last equivalence slightly below.
So that, in fact, we have two independent solutions, for the constants of the parafermionic algebra. One is generated by α = α 1 , (2.56), and another one corresponding to α = α 3 , (2.58).
Resuming, we have obtained two sets of values of the constants, given below, for the two solutions for α. We shall call them Solution 2 and Solution 3, assuming that the Solution 1 has been obtained in [2, 1] . We shall denote them, symbolically as Z
parafermionic algebras.
Here, again for the notations, we mean by Z
3 the usual Z 3 parafermionic algebra of [3] , of the 3 states Potts model, having ∆ ψ = 2/3. By Z (2) 3 we mean the parafermionic algebra of [4] , of the tricritical Potts model (plus an infinite set of minimal models), having ∆ ψ = 4/3.
Our solution for the Z 3 symmetric parafermions, we count it as the third one because it corresponds to the third value of ∆ ψ , ∆ ψ = 8/3, allowed by the Z 3 symmetry and the associativity constraints. In fact, we have found three algebras for ∆ ψ = 8/3. So we shall denote them as Z
, in the symbolic classification suggested above. In any case, as there are several Z 3 parafermionic algebras, they have to be called somehow, to distinguish them.
The algebras Z 
, as a function of c, is given in (2.58);
(1 − 11u)(7 − 50u)(6 − 55u)(11 − 65u)(6 − 65u) (1 − 9u)(1 − 10u)(3 − 20u)(9 − 65u)(126 + u(−2101 + 8190u)) (2.82)
(126 + u(−2101 + 8190u))(513 + u(−8518 + 33345u))
2 3 1 (513 + u(−8518 + 33345u)) 3 (109674 + u(−3314115 + u(22473956 −5u(−53704702 + 9u(106576358 + 195u(−2904347 + 5325840u))))))
−u(1 − 10u)(1 − 11u)(11 − 65u)(7 − 50u) (1 − 9u)(3 − 20u)(8 − 45u)(6 − 55u)(9 − 65u) (2.88) e = 5 √ 3u (2 − 9u)(6 − 65u)(−90 + u(1471 − 5850u)) (1 − 9u)(3 − 20u)(6 − 55u)(9 − 65u)(126 + u(−2101 + 8190u)) (2.89) b = 2232 + u(−100286 − 25u(−70071 + u(598174 + 15u(−166949 + 274950u)))) (90 + u(−1471 + 5850u))(9 − 65u)(11 − 65u)
(252 + 2u(−2101 + 8190u)) 90 + u(−1471 + 5850u) (15876 + u(−753552 +u(14595751 + 5u(−29412042 + 13u(12431707 + 780u(−44861 + 49725u))))))
(−26082 + 5u(165057 + u(−1921681 + 9u(1087867 − 2055105u)))) 513 + u(−8518 + 33345u) 
+u(3206463 + u(−58118544 + 65u(7934262 + 5u(−6909362 + 11844495u))))) (2 − 9u)(7 − 50u)(6 − 65u) (1 − 9u)(1 − 10u)(1 − 11u)(3 − 20u)(6 − 55u)(11 − 65u)(9 − 65u) (2.94)
Several remarks are in order.
The Solution 2 is explicitly non-unitary. For positive values of the central charge
c, some of the constants are imaginary, which contradicts unitarity.
We remind that in our calculations we have always assumed the two-point functions of operators to be normalized by 1, < ψ(1)ψ + (0) >= 1, etc. . So that non-unitarity shows itself not in the negative norms of the operators but in the negative values of squares of certain operator algebra constants.
Turning it differently, one can check that by the redefinition of operators :
all operator algebra constants could be made real. But in this case the two-point functions of U, B will become negative, positivity of the norms of the operators will be lost. In fact, in the equations of associativity, those which define the values of these five constants, they enter as squares. As a consequence there is a choice of sign for the solutions, for their values. We did made a choice, by taking a particular sign for each of them. In case of explicitly real valued expressions (for c > 0) we have been taking them to be positive.
We assume again that all the two-point functions of the operators
Once the signs of these five constants have been chosen, the rest of the constants get defined in a unique way.
3. In the case of the solution 3, equations (2.78)-(2.94), a particular parameterization of the central charge have been used.
In the initial parameterization, by c, the expression for α = α 3 , eq.(2.58), contains on "internal" square root expression, which we shall denote as h : So we have looked for the parameterization of c which is natural for the interval 0 < c < c 1 and for which the "internal" square root (the expression h, eq.(2.96)) become "uniform", the internal square root would disappear.
It might be taken in the form :
where w varies from 1 and 9/ √ 65 when c varies from c 1 to 0. Symbolically :
In this parameterization
and α = α 3 , eq(2.58), takes the form : 3 Classification of triple products and conclusions.
Like in [1] , after the actual calculation of the constants, in the preceding section, we shall present the general classification of the triple products, in an attempt to try to clarify a little bit more our method of the associativity calculations, for the present algebra.
Similarly to [1] , we shall use the following classification of the chiral fields : ψ, ψ + ,ψ,ψ + , U, B, W .
We shall call light (l) the fields ψ, ψ + ;
U we shall call semi-light (l');
and we shall call heavy (h) the fieldsψ,ψ + , B, W .
With this classification of the fields, the relevant, or type 1, triple products, the products which produce equations on the constants, are those which belong to the classes :
They are the products which we have already seen in the previous section.
In more detail, (l, l, l) : ψψψ, product 3 The products in the classes
like ψ +ψ B, ψψB, ψψW , etc., they are all irrelevant, in the sense that they do not produce equations on the operator algebra constants.
To summarize, the complete set of associativity constraints, for the present algebra, is given by the set of equations produced by products (3.2)-(3.8). These equations are listed in the Appendix A.
To determine the operator algebra constants, Solution 2 and Solution 3, we have used, as it has been described in the Section 2, a subset of those equations. presented in this paper.
As has already been stated in [1] , the solutions that we have found in [2, 1] and in the present paper, the algebras
, they constitute the full set of solutions, of the associativity constraints.
Saying it differently, we claim that there could be no more Z 3 parafermionic algebras, with the dimension of the principal parafermionic fields ∆ ψ = 8/3, and having the central charge c unconstrained, remaining a free parameter.
The problem of representations of these algebras, unitary or not, -the problem of physical applications, in the physicist language, this problem remains open.
A Equations on the operator algebra constants.
The numeration of equations in this Appendix is that adopted in Section 2. It follows the numeration of relevant triple products (products of the first type), considered in Section 2 (cf. the classification in Section 3). We shall analyze the expansion of the product ψψU(0) in the channel
i.e. :
The OPE of ψψ is of the form :
2)
The integrals which have to be considered to derive the commutation relations {ψ,ψ}U(0)
are of the form (cf. [1] ):
3)
By the analytic continuation, one gets the relation
which is transformed finally into the commutation relation {ψ,ψ}U(0) :
in (B.7) are the coefficients of the expansion :
Projection of this commutation relation on the channel in which appear the operators
With this restriction on the indexes n, m, the commutation relation above takes the form:
To obtain particular commutation relations, for given values of n, in the explicit form, we need the explicit expressions for the actions of modes of ψ,ψ on U(0). They are of the following form, as it follows from the OPEs (1.9) and (1.12):
The actions of higher modes (ψ − 
The actions of higher modes are non-explicit. Now, by comparing the commutation relations in (B.11) and the explicit actions of modes in (B.13)-(B.20) we find that there is just one commutation relation, corresponding to n = −1, which is going to produce an equation on the constants of the operator algebra.
The other relations, for other values of n, will define non-explicit matrix elements, instead of producing equations on the operator algebra constants. n = −1:
The matrix elements (B.22) enter into the r.h.s. of (B.11), into the expression for R(−1), cf. (B.12).
With some calculations one finds the expressions that follow for the matrix elements in the lists 1,2,3 above. 
